CHAPTER 15 MODELING AND SOLVING DAE

Ex: Heating atank

filling with liquid

15.1

PROBLEMS IN THE ASCEND
SYSTEM

In this chapter we discuss using ASCEND in the modeling and solving
of initial value problems that involve both ordinary differential and
algebraic equations (DAEs). An example of such aninitial value
problem isto model the heating of atank filling with liquid. In solving,
one first establishes an initial condition at time zero, such as for the
tank being at 300 K, 25% full, and at 1 atm, and then marches forward
in time until one reaches a stopping condition, such asthe first to
happen of either ten minutes has passed, the tank is 75% full or the
vessel temperature reaches its boiling temperature.

PREVIOUS |VP MODELING AND SOLVING IN
ASCEND vS THE NEW APPROACH

Many available programs exist to solve initial value ordinary
differential equation (ODE) problems, e.g., LSODE. Chapter 12 in this
series of HowTo chapters on ASCEND discusses our attaching of

L SODE asasolver package to ASCEND to solve differential-algebraic
equation (DAE) problems. Figure 15-1 illustrates. In this previous
approach, we used ASCEND to solve the algebraic equations (the top
box) whenever LSODE (the lower box) requested it asit iteratively
solved the integration equations it used to step forward in time. Asfar
as LSODE is concerned, the model is an ODE model, as ASCEND has
effectively eliminated the algebraic variables by solving for them “out
of the sight” of LSODE. In effect for each time step, the top box
received values of the state variables from LSODE, used the model in
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ASCEND to solve for the algebraic variables and the resulting
derivatives of the states, and passed the latter back to LSODE. LSODE
then repeatedly requessed values for the states until the computed
derivatives and statesit then computed stopped changing, at which time
it commenced computations for the next time step.

Such a solution procedure is inherently inefficient as it contains an
outer loop (LSODE) repeatedly calling an inner loop to converge the
model equations. If the outer loop takes five iterations and the inner
three per step, ASCEND is solving the model equations 15 times per
step. It would be much more efficient to use ASCEND to solve both the
model and integration equations at the same time, with the hope that it
might only require three model solutions (or fewer) per time step.

u(x) ->---| (i nner | oop) |---- 2z -->
| solve nodel eqns |
------ >- - |-~ dydx-->-
| e |
I I
| e |
[ (outer | oop) | |
-- iterate inte- |[---<-------

gration eqgns |

Figure15-1 Typica I'VP ODE solving approach (x isthe
independent variable -- e.g., time, and y, u
and z are vectors containing the state, control

and algebraic variables, respectively)

Our new implementation combines both the integration equations and
the model equations into a single nonlinear equation set, which
ASCEND solves only once for each time step. ASCEND’ s compiler
combined with its solver can often find surprisingly efficient ways to
partition and solve the merged problem, a very nice added benefit. Our
goal isto create a package that will minimize the number of timesthe
system has to solve the model equations as these typically take almost
all the time for integrating large complicated models.
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THE EQUATIONS WE NEED

15.2 THE EQUATIONS WE NEED

Polynomialsarein
form of Taylor Series
expansions around
current point

We use the ideas in the Lawrence Livermore National Laboratory
report *describing L SODE to develop this section. A DAE VP model
has two types of equation sets:

(1) the set that models the physical system at the k-th step (thosein
the top box in Figurel5-1 above)

f(dy/dx(k), y(k), z(k), u(k), x(k)) = 0 (15.1)
h(y(k), z(k), u(k), x(K)) =0 (15.2)
u(k) = u(x(k)) (15.3)

wherey are the state, z the algebraic and u the forcing variable vectors
and x the scalar independent variable, and wheref is a vector of
functions equal to the number of states, h is avector of algebraic
equations equal in number to the algebraic variables, and where one
typically specifiesthe forcing variables as functions only of the
independent variable. These the user must provide.

We should note that often one writes equations 1.1 in the form
dy/dx[k] = f*(y(k), z(k), u(k), x(k))
where each dy/dx[K] is given on the LHS of its own equation.

(2) the numerical multistep integration equations (those in the
bottom box). Multistep integration equations are of the general form

y(k) = y(k-1) + s(x[j]; y[j-1].dydx[j]; for j =k, k-1,.....) ~ (15.4)

These integration equations relate the states at the current point to the
time derivatives at current and past points and states at past points.
They are not related to the model of the physical system but only to the
numerical method being used.

We express the multistep integration equations we shall use here as
Taylor series expansions around the current point?:

y(DX) = [y](0) + [dydx](0)Dx +[d?ydx?](0)Dx%/2! + ...... (15.5)

1. Radhakrishnan, K.R., and A. C. Hindmarsh, Description and Use of L SODE, the Livermore Solver for Ordinary
Differential Equations, Lawrence Livermore National Laboratory Report UCRL-1D-113855, NASA Ref. Publ. 1327,
Lewis Research Center, Cleveland, OH, USA, December (1993).
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We also explicitly write their corresponding first derivatives with
respect to x:

dy/dx(Dx) = [dydx](0) + [d?ydx?](0)Dx + [d®ydx®](0)Dx%/2! + ..(15.6)

Multistep methods state that these polynomials pass through past data,
with the exact data one uses dictating which integration method one is
using. Note that the terms [y](0), [dydx](0), [d2ydx2](0), etc., are the

coefficients in these polynomials. If based on data fitting, their values
are estimates for the variables and their derivatives (asimplied by the

naming we use for them) at the current point.

For example, aBDF method for integrating stiff ODEs states that the
polynomial and itsfirst derivative must satsify the following equations
for ag-th order expansion (i.e., where Equation15.5 has DxY as it
highest order term):

* write Equation15.6 (derivative) for the current point, k.
» write Equation15.5 (state) for past points k-1, k-2, ..., k-q

“Writing an equation for a point” means to write the equation
substituting in the numerical value of Dx corresponding to that point as
fixed input on the RHS of the equation and using the numerical value
of the state or its derivative as produced by the physical model for that
point on the LHS.

For the Adams-Moulton method for nonstiff equations, the polynomial
and its derivatives must satisfy the following for a g-th order
expansion:

» write Equation15.6 (derivative) for the current point k

» write Equation15.5 (state) for the previous point, k-1

» write Equation15.6 (derivative) for past pointsk-1, k-2, ..., k-(g-
1)

In both cases, we will have written for each state variable g+1
equations in the g+1unknowns [y](0), [dydx](0), [cPydx?](0), ...
[d9ydx1)(0), which we can solve as a set of g+1 linear equations for
each state variable.

2. According to the Fundamental Theorem of Polynomials, all g-th order polynomials passing through the same g+1 points
are equivalent, no matter how they are written. We choose our polynomial to be in the form of the Taylor Series
expansion because of its convenience.
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SOLVING THE CURRENT STEP

g+3 equationsin g+3

unknowns

15.3

In both cases we have written Equation15.6 for the current point. We
cannot know its LHS value until we have solved for the current point.
Thus both methods are implicit - i.e., they require iterative solving even
to fit the polynomials.

Looking back at the two boxesin Figurel5-1, the lower integration
box will have these g+1 equations per state variable in it plus it must
have a means to save tabulated numerical valuesfor the states, their
derivatives and their value of x at previous points. In principle, it
receives, asinput, values for dy/dx(0) from the model box.

To complete this box, weincludein it one more copy per state variable
of Equation15.5 written at the current point. This last polynomial for
each state provides the equation needed to provide the value of the state
at the current point, y(0), which we show as the output from this box.
The bottom box thus contains g+2 polynomial equationsin it for each
state variable, in terms of the g+1 unknown derivatives for each state.
The model equations introduce the states y(0) and their derivatives
dydx(0) for the current point and one equation for each state to
compute the latter in terms of the former for it, often in the form

dydx(O)[i] = f[il(al y(0).x).

So it introduces, in principle, two variables and one equation for each
state.

To summarize, the integration box introduces g+2 equations and g+1

new variables per state while the model box introduces 1 equation and
2 new variables. The model is square and, in principle, solvable.

SOLVING THE CURRENT STEP
Integrating is
» tosolvefirst for theinitial point

and then to solve step by step (march) from that point vs x until we
reach some stopping condition. We march by

 choosing the integration method,

* determining the step size we should use,

» selecting the order “g” to use for that method,

» “predicting” the states at the new current point,
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15.3.2
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» and finally “correcting” by iteratively solving the model and
integration equations for that point.

We shall discuss each of these activities in more detail .

SOLVING FOR THE INITIAL POINT

Solving for the initial point involves solving the model equations,
Equations 15.1 and 15.2. Note we do not insist that one include
Equations 15.3 as we may actually want to compute some of the
forcing variables at the initia point. If we seek apoint where nothing is
changing with time, we set al the “fixed” flagsfor al the derivatives at
theinitia point to TRUE and set the derivative valuesto zero. But there
is no requirement we limit ourselves to solving for a nontime varying
initial point. We really only need to start with these equations, make
them into a square set involving an equal number of equations and
computed variables and solve using the ASCEND nonlinear equation
solver.

As an example, suppose we are filling atank with water at the rate of a
gallon per minute and that the tank has a partially open drain valve but
whose fraction open we do not know. We want as the initial point the
instant when the tank level ishalf full butisrising at 1 { cm/s}. We thus
set the level (a state variable) to half full and its derivativeto 1 { cm/s}
and fix them (set their respective “fixed” flagsto TRUE). We also fix
the flow in and set itsvalue to 1 { gal/min}. The model will have an
equation that indicates the flow out through the bottom valve as a
function of how far open the valveis (e.g., the valve C, value) and the
level of liquid in the tank. We set the fixed flag for C,, to FALSE so the
model computes its value. We finish by setting other fixed flags as
appropriate and solve for the initial point. Once solved, we may use the
computed value for C,, as a constant in aforcing function that dictates
its subsequent value as a function only of time.

CHOOSING THE INTEGRATION METHOD

This package supports two integration methods: BDF and Adams-
Moulton (AM). The BDF method is for stiff problems while the AM
method is for nonstiff problems. We shall use the definition that says a
problem is stiff if the step size one can take to keep the integration
computation stable is extremely small compared to the integration
interval of interest. Many definitions suggest stiffnessisrelated to the
ratio of the largest to the small eigenvalue in the linearized form for
two or more ODEs.
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SOLVING THE CURRENT STEP

The definition of
“stiff” that we choose
to use here

15.3.3

Set stepsize to give
prescribed integration
error

15.3.4

Adjust order of
method to allow
largest stepsize

However, even asingle ODE can be stiff using our preferred definition
-eg.,

dy/dt = cos(t) + 10% (y-sin(t)); y(0) = 0

is the smooth relatively slow changing function sin(t), but the second
term on the RHS magnifies any numerical error, causing a nonstiff
integrator to go unstable unless it takes very small steps.

In other words a problem is stiff if it requires too many stepsto solveit
stably.

In this package the user selects the method at the start, and it remains
unchanged throughout. We, or a programmer skilled in editing the Tcl
script for this package, could easily implement a different policy.

DETERMINING THE STEP SIZE WE SHOULD USE

Thelast term in the Taylor series expansion for y[i] estimates the error
for taking the current step (the primary reason we have selected this
form for our polynomials). To determine the allowable step size for
each y[i], we solve for d in the following

a,,r; q
d y[q'] x%_ = user prescribed integration error (15.7)
dx '

where the numerical value for &[qi] Is that which the converged
dx

integration equations estimated for it (i.e., the coefficient [d%ydx1)(0))
for the current point. The allowable step is then the smallest d we
compute for each of the y[i] .

SELECTING THE ORDER “Q” TO USE FOR THAT METHOD
This package initialy sets the order g to unity.

From then on adjusting the order q is automatic and proceeds as
follows.
1. Take q steps with the current order

2. Compute the allowed step for orders g-1 (unlessqisat its
minimum value, 1), g and g+ 1 (unless q is at its maximum value,
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Taylor Series
expansionsto the new
current point
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6). We discuss how to do this computation in a moment.

3. Sdlect asthe new current order whichever of these orders allows
the largest next step to be taken

4, Returntostep 1l

Note, we alow q to change by at most plus or minus one whenever we
apply this testing.

We carry out step 2 as follows. Use Equation15.7 to compute the
allowed step size for each state variable for the current order, g. The
step size allowed is then the smallest of the step sizes one has just
computed.

For order g-1, the next to last term in the Taylor Series estimates the
error; we apply Equationl.7 to find the step size using this term.
Interestingly, the step size allowed that we compute here may be larger
than for the higher order polynomial.

For order g+1, we have no estimate for the appropriate term in the
Taylor Series expansion. We can estimate the required derivative as the
“divided difference” in the g-th order derivative for the last two points
k and k-1, namely:

q q
1 Syl
&t (159)
X -1

To allow usto carry out this computation without added work, we save
the past last term in the Taylor Series expansion for each variable and
also the last step wetook, i.e., X, - %.1. 8swe integrate forward.

PREDICTING THE STATES AT THE NEW CURRENT POINT

We can readily predict future behavior for those variables for which we
have polynomialsfitting past behavior. Our approach is as follows.

1. Determinethe order, q, and the step size, d, in the independent
variable (previous section) to use next.
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SOLVING THE CURRENT STEP

2. Shift the independent variable from the “old current point” x to

the “new current point” x+d. This new current point isto be the
point around which we wish to have the new Taylor Series
expansions for all the state variables.

. Shiftal the*old Taylor Seriesexpansions’ around the old current

point so they represent a“new Taylor Series expansion” around
the new current point. Shifting will involve computing new
values for each of the Taylor Series coefficients - i.e., [y](0),
[dydx](0), [d?ydx?](0), and so forth. These new values are an
easily computed function of the size of the shift, d, and the old
coefficients. The shifted polynomial till fits the data we knew
about for the previous point but not for the new point - i.e, itisa
polynomial based on earlier behavior, but that iswhy we only are
predicting when using it.

Assuming we have completed the shift. Then, looking at
Equation15.5

y(Dx) = [y](0) + [dydx] (0)Dx +[d?ydx?](0)Dx%/2! + ...,

We note that at the new current point, Dx is zero. All terms except
thefirst are multiplied by powers of Dx and are, therefore, zero at
this point. Thus, the zeroth Taylor Series coefficient, [y](0), for
each variable predicts that variable at the current point.

To repeat - prediction involves shifting the coefficients for the
Taylor series polynomial for each variable so the expansion is
around the new current point, and then the zeroth Taylor Series
coefficient is the prediction. Correction, which we discussin the
next subsection, isto recompute all the Taylor Series coefficients
so the new polynomial fits the appropriate past data and the
model equations at the current point. If past behavior isagood
prediction, this recomputation should not change the coefficients
very much.

15.3.5.1 SHIFTING COEFFICIENTSIN THE TAYLOR SERIES POLYNOMIALS

Y ou can skip reading this subsection unless you wish to see the
details of the shifting. The ideas are straight forward, even if the
algebra seems to get a bit complicated.

We carry out the shifting in Steps 2 and 3 above as follows.
First we note that
Dx = X-Xo = X')Q),new"' XO,new'X0= DXnew"' d

where we have expanded the current polynomials around x,. To
shift we need to substitute Dx,,,, for Dx in Equation15.5 and
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collect al the“constant” terms as the new [y] (0), those first order
in Dx,e, asthe new [dydx] (0), etc.

Substituting for Dx in Equation15.5, we get

Y(DXnew = [Y1(0) + [dydX] (0)(DXpew+d)
+[d?ydx?] (0) (DXt d)%/2! + ...,
={[y](0)+[dydx] (0)* c+[ d?ydx*] (0)*d*/2!+.....}

+{[ dydx] (0)+[ d?ydx?] (0)* 20+ ....}* DXy

The shifted polynomial coefficients are in the curly braces, {},
above. Collecting the constant terms, we get:

Y(0) ew = [V1(0)+[dydx] (0)* d+ [ d?ych] (0)* d?/2!+ ...
Collecting those first order in DX, We get
[dydX] (0) ey = [dydX] (0)+ [dzydxz] (0)*2d+....

In asimilar manner we can find the higher derivatives. The terms
come from expanding (Dxpe,+ d) to higher and higher powers,
which we can do quickly using Pascals triangle to develop the
coefficients. Such atriangle for expanding to powers up to and
including fiveis:

\ col (0) (1) (2 (3 (4 (9
row (0): 1 1 1 1 1 1
row (1): 1 2 3 4 5

row (2): 1 3 6 10

row (3): 1 4 10

row (4): 1 5

row (5): 1

Using thistriangle, we readily write down the expansion for
(DXneu+ d)° &S
Dxnew5 + 5D(new4d + 1ODXnew3d2 + :LODXnewzd3 + 5DxnewCI4 +d°

The coefficients (1, 5, 10, 10, 5, 1) are the rightmost entriesin
each row. To form aPascals triangle, we start each row and
column with a1. Weform each subsequent number (starting with
the coefficient in row 1, column 1) by adding the numbers just
above and just to the left. So the 10 in row 2, column 3 isformed
by adding the 4 above to the 6 to the right. Let us denote each
such coefficient as PT[row number, column number]; then
PT[2,3] = 10. The genera shifting equation is then:
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Solving al the

15.3.6

equations for current
point is the correction

step

15.4
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Kk k g-k K+] ;
d'y = | WY r g PT kL Y|~ (159)
k k k+j | !

dX" I hifted dx'] j=1 dx

CORRECTING BY ITERATIVELY SOLVING THE MODEL AND
INTEGRATION EQUATIONS FOR THAT POINT

Once we have made al the above decisions and preparatory
computations, we pass the model for the current point - with the
appropriate fixed flags set to TRUE - to the ASCEND solver, which
then solvesit (iteratively, of course). Solving isthe correction step. The
model we are solving comprises equations 15.1 to 15.4 - i.e,, the
equations describing the process dynamics together with the numerical
integration equations. In other words, we are solving all the equations
in both the inner and outer loops in Figurel5-1 simultaneously.

The unknowns are for the current point (Dx=0) are

* the dtatesy,

 their first derivatives dy/dx,
» thealgebraic variables z,

* the control variables u,

» and finally all the polynomial coeffiients ([y](0), [dydx](0),
[d2ydx2](0), [d3ydx3](0), etc.) in Equation15.4 (written in the
forms for Equations 15.5 and15.6).

The variables we fix for this computation are

* theindependent variable x and

* the past valuesfor the states and their derivatives.

SOME USEFUL “FINE POINTS’

The previous section outlines the issues related to solving initial value
problems by combining the model and integration equations into a
single set of equations one will then solve at each time step using
ASCEND. We now will discuss three added issues that can be
important for solving initial value problems: (1) predicting some of the
algebraic variable values at the current time step, (2) defining and using
stopping conditions, and (3) detecting index problems.
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PREDICTING SOME OF THE ALGEBRAIC VARIABLES

By dlightly modifying the ideas we devel oped above for predicting
state variables, we can predict values at the new current point for any of
the algebraic variables, should that prove numerically useful. In many
problems, the equation structure can allow one to compute many of the
problem variablesin terms of only afew of them. Thus, if we could
predict those few, we could use a method to compute directly and
without iteration good guesses for the remaining ones in terms of them,
significantly improving our chances for converging quickly and
sometimes for converging at all.

Theideais simple: we can fit a polynomial to the past values of an
algebraic variable vs. the independent variable. We can then use that
polynomial to predict the value for the algebraic variable at the new
current point. As we are aready writing polynomial equations for the
states, this added capability does come at little added effort. The
equations we write can only be of the form of Equation15.5 as we do
not have model equations providing derivativesfor algebraic variables.
Thisfeature is one we have included in this package. To fit a
polynomial of order g to algebraic variables, we write the polynomial at
the current point (must match the value the model computes) and q past
values.

DEFINING AND USING STOPPING CONDITIONS

We integrate our model forward until any one of a set of possible
stopping conditions occurs. We identify a stopping condition as the
point at which thereisthefirst change of sign of avariable we associate
with that stopping condition. So, if we wish to stop if the temperature
(T) in aflash unit rises above the temperature at which amixturein it
will boil (T_dewPt), we can define the variable T_stop = T_dewPt - T.
When T_stop switches from being positive to negative, we will have hit
our stopping condition.

A way to stop at the precise point where the stopping condition changes
sign is actualy pretty straight forward, conceptually. We alter the
model we solve by (1) fixing the value for the variable associated with
the stopping condition to be precisely zero and (2) freeing up the value
of the independent variable so the model computes exactly when that
stopping condition occurs. We do precisely this trading of degrees of
freedom in this package.

We may have a number of different stopping conditions, the first of
which becoming true causes us to stop our integration. We had in our
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opening example of heating a tank filling with liquid that we wanted to
stop after ten minutes (time_stop = 10 { minute} - x), or when we have
just filled the tank (lev_stop = lev_full - lev) or when the liquid first
startsto boil (T_stop =T_dewPt - T), whichever comes first. We
monitor each of the stopping variables for a change in sign. We stop
when any one of them does so.

The hard part is deciding when to stop if two or more of the conditions
change sign in the same time step. We can decide which happened first
asfollows. We solve the model for the next time step asif no stopping
condition will occur in that interval. We then check the stopping
conditions to see if one or more of them has had a sign change. If none
has, we continue to the next time step. Otherwise, we pick one whose
sign switched and set its fixed flag to TRUE and its value to zero. We
release the value for the independent variable by setting itsfixed flag to
FAL SE and resolve the model. The computed value for the
independent variableisits value at which the stopping condition is
precisely zero. We again check if any of the other stopping condition
has become true within this reduced step. If so, it has becomes true
before the one we previoudly selected. It should be our stopping
condition. So wefix thisvariable at zero (and rel ease the previous one)
and resolve, getting an even shorter step. We check again for any of the
other stopping conditions, continuing until no new stopping condition
remains true.

We have limited the variables associated with stopping conditions to
being among any of the variables we predict - state or predicted
algebraic - only. We can, if we wish, then solve the prediction
polynomials for each of them for the value of the independent variable
at which the variable value is zero, allowing us to get a good estimate
for theitsfinal value and to decide which stopping condition is the
most likely to have occurred first if several undergo asign changein
the same step. Thiswould be useful if solving each time step were to
take along time - e.g., several minutesto hours.

DETECTING INDEX PROBLEMS

An index problem occurs when solving DAE models because of the
manner in which one has written the model equations and/or set up the
degrees of freedom for it and not because the model and its underlying
physical system does not have a solution. Having an index problem
causes one to compute the errors while integrating incorrectly.
Essentially it comes about because one has written the model in away
that forces it to use one or more of the integration equations
“backwards’ as differentiators rathen than as integrators. As one has
assumed these equations to be used to integrate and based the error
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estimation on that assumption, one will typically get much larger errors
than expected and “kill” the integration - without the user being any the
wiser. The answers could look perfectly reasonable and in fact be
garbage instead.

Fortunately, one can detect if one has an index problem in afairly
straight forward manner IF one can detect singularity of the model
equations when solved with the degrees of freedom set in a particular
way. This ASCEND can easily do asit involves setting the degrees of
freedom for the model and using two singularity testing toolsin the
ASCEND Solver tool set - one to detect structural singularity and the
other to detect numerical singularity. Structural singularity isa
guaranteed test - i.e., if and only if structural singularity isthere, the
test detectsit. Structural singularity guarantees numerical singularity,
so, if one has structural singularity in the testing, one has an index
problem. Numerical singularity testing isa“fine” art and is never
conclusive. It isjust that some tests can be better than others. Oursis
based on small pivots and is an “okay” form of test, but it could miss
singularitiesthat are really there because of ill-conditioning and that do
not show themselves with small pivots.

If one attempts to solve the model equations - i.e., those in the upper
box in Figurel5-1 on page2 - with the states as inputs and the
derivatives and algebraic variables as computed outputs and that
computation is singular, one has an index problem. One should take
steps to eliminate it before proceeding. Eliminating an index problem
can be very complicated, or it could be as simple as fixing a currently
computed variable while releasing another that is currently being
computed - i.e., exchanging the roles of afixed variable and a
computed variable.

Detection is, therefore, to have the user provide a method that sets up
this computation for just the user model without the integration
equations and to pass this part of the model to the solver, which will
complain before solving if thereis a structural singularity problem. If
the structural test passes, one can then actually solve these equations
and test for numerical singularity. It might be easiest to do thistesting
by stopping the integration part way along (set the integration to stop
after one second, for example), running the degree of freedom setting
method just described, and testing with the numerical singularity
testing tool located in the ASCEND Solver tool set. At that point, the
system will have converged the equations so the test will be much
better than running it where the equations are not converged.

15.5 MANAGING THE INTEGRATION PROCESS IN
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15.5.1

ASCEND

The integration process involves solving theinitia point and then
stepping the models from the initial x until a stopping condition istrue.
As one steps, one is developing the trgjectories for all the variables vs.
X. Viewing the results of integration istypically to plot valuesfor a
selection of the variables vs. x.

We have already discussed how one can solve for the initial point in
Section15.3.1 on page6. The remainder of the previous section then
discusses how one can set up and solve a single step, which, when
integrating, we do repeatedly until we reach a stopping condition.
Managing this process is the subject of this section.

THE STRUCTURE FOR THE ASCEND MODEL

Aninitial value problem is onein which we know theinitial conditions
for amodel and can then compute one step at atime as we march
forward vs. the independent variable x. Thus we need only have the
equations for the current point available at any one time while solving.
In contrast, atwo point boundary value problem is one where we know
some of theinitial conditions - but not enough to allow us to solve the
model there - and some of thefinal conditions. We are required to write
all the equationsfor al the time steps and solve them all
simultaneously for such a problem. If we need a thousand times steps,
the model we need to pose and solve is 1000 times larger than we need
to solve an initial value problem.

We propose the following structure for an ASCEND model for solving
initial value problems. We shall require the user to supply a model that
supplies equations 15.1to 15.3 - i.e,, the physical model that relates the
states to their derivatives. This model will typically involve algebraic
and forcing variables z and u, along with equations to compute them.
We need to set up and solve these equations for the current time step
only. Once we solve the current step, we save the results as historical
data, step the independent variable forward to a new current point, and
apply the same equations to solve for this new point.

We can use a script in ASCEND to carry out the solving process. The
script will proceed as follows.

1. Load and compile the ASCEND model the user supplies
(Equations 15.1 to 15.3). The user model has parts that are the

Z:\MyDocuments\aww\Office\2004ff\ascend\documentation\Differential Algebrai cEgn.fm
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MODELING AND SOLVING DAE PROBLEMSIN THEAS-

integration system models (Equations 15.4); thus both sets of
equations are in the final model for the current point.

Use user supplied methods to establish the correct degrees of
freedom (Section15.3.1 on page6) and valuesfor variables at the
initial point and then solve the model at the initial point.

Use a user supplied method to establish the correct degrees of
freedom and any added values for solving a current point when
stepping (Section15.3.6 on pagell).

Set up to use the integration method (Adams-Moulton for nonstiff
and BDF for stiff - Section15.3.2 on page6) that the user has
chosen.

Set the polynomial order (initially to unity) and the step size for
the independent variable x (initially to avalue that the user
prescribes).

Prepare to compute the next point as follows -

move previous points backward in a data table set up to capture
them (only q past points are ever needed so points older than this
drop out of the table),

increment x and

predict valuesfor all states at the new current point by shifting the
polynomial coefficients (Section15.3.5 on pages).

Solve model and integration equations at current point
(Section15.3.6 on pagell).

Stop if astopping condition met ( Section15.4.2 on pagel?), else
determine polynomial order and step size for next step (Sections
15.3.3 and 15.3.4).

Repeat from Step 5.

We have created a Tcl program and several methods within the system
supplied models to implement these steps. A system supplied script for
this capability callsthe Tcl program.

15.6 EXAMPLE 1: FILLING A TANK WITH WATER

15.7 EXAMPLE 2: CHANGING THE FEED
TEMPERATURE INTO A PRESSURE
CONTROLLED, RIGOROUS FLASH UNIT
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